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PURPOSE: To examine and compute the distortion experienced by a wide-band frequency- 
modulated (or phase-modulated) signal as it is transmitted through the earth's 
ionosphere. 
transmit television or multichannel telephone signals. 
National Aeronautics and Space Administration. 
lite at synchronous altitude, the propagation path traverses virtually the entire 
ionosphere in a direction depending on the relative location of the station and 
the satellite. This path can range from the zenith to the near horizon. The aver- 
age integrated electron density through the ionosphere is about 1017 electrons/m2, 
but can vary by a factor of 10. Efficient use of satellite power requires wide- 
band transmissions, and distortion of signal occurs because of the dispersive ef- 
fects of the ionosphere, with greater effects at lower carrier frequencies and 
during periods of solar activity. 
mission of individual pulses, and with spectral analyses for wide-band FM, based 
on expanding the quasi-stationary approximation to the filtering effect of the 
ionosphere and retaining the lower-order distortion terms. The present analysis 
The results can be used as an aid in designing satellite systems that 
. 
RELATED TO: 
DISCUSSION AND METHODOLOGY: When a terrestrial station is linked to an earth satel- 
RAND'S continuing study of communication satellite technology for the 
Previous work has been concerned with the trans- 
used a mdif ication of the Bedrosian-Rice technique (P-3502, Distortion and Croes- 
talk of Linearly Filtered, Angle-modulated Signals, March 1967). A n  expansion 
was obtained for the phase of an angle-modulated (AM) signal passed through a 
general linear filter, and a spectral analysis was performed. 
then modeled as such a filter, and numerical computations of the output linear- 
signal, cross-power, and intermodulation spectra were performed for the case of 
an FM signal having a flat gaussian baseband. Two examples of current interest 
were examined numerically: 
type, and a wide-band video transmission near the upper end of the UHF television 
band. 
The ionosphere was 
a high-capacity communication link of the Intelsat 
PRINCIPAL FINDINGS: Ionospheric dispersion will not cause significant intermodulation 
distortion in a typical wide-band FM communication satellite link except under the 
most severe conditions. 
width, operation over a given path should be at as high a carrier frequency as 
possible. 
lated ratios of signal-to-distortion and to cross-talk are about 20 db. 
ficult to assess the subjective effect of intermodulation distortion for a hypo- 
thetical TV distribution system using wide-band FM transmission from a satellite 
relay as corapared with the ''snow" produced by a conventional vestigial-sideband AM 
transmission corrupted by thermal noise. The thermal noise in An video is uniform, 
whereas the intermdulation distortion of FM varies roughly as the square of the 
baseband frequency and can display a strong correlation with the 6*gnal. 
transmission would suffer also f r o m  a degradation of color separation because of 
synchronizing phase errors. Just h w  objectionable these effects would be cannot 
be determined by computation. An experimental investigation would be desirable. 
Nevertheless, for a given baseband signal and- r-f band- 
The situation is less promising with respect to color television. The calcu- 





T h i s  s t u d y ,  u n d e r t a k e n  as p a r t  o f  RAND'S c o n t i n u i n g  s t u d y  o f  
Communications S a t e l l i t e  Technology f o r  t h e  N a t i o n a l  A e r o n a u t i c s  and 
Space A d m i n i s t r a t i o n ,  c o n s i d e r s  t h e  i n t e r m o d u l a t i o n ,  o r  d i s t o r t i o n ,  
e x p e r i e n c e d  by a wide-band, f requency-modulated s i g n a l  as i t  i s  t r a n s -  
m i t t e d  through t h e  e a r t h '  s ionosphe re .  
The e f f i c i e n t  u s e  of t h e  power a v a i l a b l e  from sa t e l l i t e s  r e q u i r e s  
t h e  u s e  o f  wide-band t r a n s m i s s i o n .  D i s t o r t i o n  o c c u r s  b e c a u s e  o f  t h e  
d i s p e r s i v e  e f f e c t s  o f  t h e  e a r t h ' s  i o n o s p h e r e ,  w i t h  t h e  e f f e c t s  g r e a t e r  
a t  t h e  lower car r ie r  f r e q u e n c i e s  and d u r i n g  p e r i o d s  of  s o l a r  a c t i v i t y .  
T h i s  Memorandum s t u d i e s  t h i s  phenomenon and p r o v i d e s  a means f o r  com- 
p u t i n g  t h e  r e s u l t i n g  d i s t o r t i o n .  The r e s u l t s  o f  t h e  s t u d y  c a n  b e  
used  as. a n  a i d  f o r  d e s i g n i n g  s a t e l l i t e  sys t ems  t h a t  t r a n s m i t  t e l e v i s i o n  
o r  m u l t i c h a n n e l  t e l e p h o n e  s i g n a l s .  
' \  
V 
SUMMARY 
Communication l i n k s  t o  e a r t h  s a t e l l i t e s  a re  n o t  u s u a l l y  a f f e c t e d  
a d v e r s e l y  i n  t r a v e r s i n g  t h e  ioncsphe re .  However, t h e  n o n l i n e a r  v a r i -  
a t i o n  of t h e  r e f r a c t i v e  i n d e x  wi th  f r equency  c a u s e s  a d i s p e r s i o n  which 
can  r e s u l t  i n  s i g n i f i c a n t  s i g n a l  d i s t o r t i o n  under  c e r t a i n  c i r c u m s t a n c e s .  
A wide-band s i g n a l  o p e r a t i n g  a t  t h e  lower c a r r i e r  f r e q u e n c i e s  and t a k i n g  
a low-e leva t ion  p a t h  through a d i s t u r b e d  i o n o s p h e r e  c o n s t i t u t e s  such  
a c a s e .  The e f f e c t  of i o n o s p h e r i c  d i s p e r s i o n  i s  examined i n  t h i s  Memo- 
randum f o r  t h e  p a r t i c u l a r  c a s e  o f  f r equency  ( o r  phase)  modu la t ion .  
I n  a p r e v i o u s  a n a l y s i s  (P-3502,  D i s t o r t i o n  and C r o s s t a l k  of  Line-  
a r l y  F i l t e r e d ,  Angle-modulated S i g n a l s ,  The RAND C o r p o r a t i o n ,  by 
E .  Bedros i an  and S. 0. Rice)  = e x p a n s i o n  w a s  deve loped  f o r  t h e  o u t p u t  
p h a s e  o f  a n  angle-modulated s i g n a l  which had been  passed  through a 
g e n e r a l i z e d  l i n e a r  f i l t e r .  The i o n o s p h e r e  i s  modeled as such a f i l t e r  
i n  t h i s  Memorandum, and a s p e c t r a l  a n a l y s i s  of  t h e  demodulated s i g n a l  
i s  performed assuming a gauss i an  modu la t ing  waveform. From t h i s ,  
f o r m u l a s  a re  o b t a i n e d  f o r  t h e  o u t p u t  s i g n a l -  t o - d i s t o r t i o n  and s i g n a l -  to -  
c r o s s - t a l k  r a t i o s .  A l l  o f  t h e  s p e c t r a l  r e s u l t s  are p r e s e n t e d  g raph i -  
c a l l y  f o r  FM w i t h  a uniform baseband. 
Two c a s e s  o f  c u r r e n t  i n t e r e s t  are  examined numer i ca l ly  t o  i l l u s -  
t r a t e  t h e  use  of  t h e  r e s u l t s .  The f i r s t  c a s e  t y p i f i e s  a h i g h - c a p a c i t y  
communication l i n k  o f  t h e  I n t e l s a t  v a r i e t y ,  and i t  i s  seen  t h a t  a 
s i g n i f i c a n t  d e g r a d a t i o n  can occur o n l y  under  t h e  most  unusua l  condi -  
t i o n s .  The second example c o n s i d e r s  a wide-band TV t r a n s m i s s i o n  n e a r  
t h e  upper  end o f  t h e  UHF TV band; i n  t h i s  case,  r a t i o s  of s i g n a l - t o -  
d i s t o r t i o n  and t o  c r o s s - t a l k  of a b o u t  20 db r e s u l t .  R a t i o s  of t h i s  
v i  
o r d e r  a r e  c l e a r l y  c a u s e  f o r  conce rn ,  b u t  i t  i s  n o t  p o s s i b l e  t o  a s s e s s  
t h e i r  s u b j e c t i v e  e f f e c t  by r e l a t i n g  them t o  t h e  f a m i l i a r  i n t e r f e r e n c e  
produced by thermal  n o i s e  which i s  u n c o r r e l a t e d  w i t h  t h e  s i g n a l .  
A l s o ,  a TV s i g n a l ,  p a r t i c u l a r l y  i f  c o l o r ,  i s  n o t  as  w e l l  modeled by 
a gauss i an  s i g n a l  as i s  a t y p i c a l  m u l t i c h a n n e l  t e l e p h o n e  baseband.  
For  t h e s e  r e a s o n s ,  i t  i s  concluded t h a t  a n  e x p e r i m e n t a l  i n v e s t i g a t i o n  
would b e  d e s i r a b l e  b o t h  t o  v e r i f y  t h e  t h e o r y  and t o  deve lop  s u b j e c t i v e  
i n t e r f e r e n c e  c r i t e r i a .  
v i i  
CONTENTS 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  PREFACE iii 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  V S ~ R Y  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  LIST O F  F I G U R E S  i x  
S e c t i o n  
I. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  11. OUTPUT PHASE FUNCTION 3 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  111. SPECTRAL A N A L Y S I S  7 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I V .  A P P L I C A T I O N  TO IONOSPHERE 9 
. . . . . . . . . .  V. COMPUTATIONS FOR FM WITH A UNIFORM BASEBAND. 14 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  V I .  EXAMPLES AND D I S C U S S I O N  27 
A p p end ix  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  SPECTRAL A N A L Y S I S  31 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  REFERENCES 41 
I 
I 
LIST OF FIGURES 
. . . . . . . . . . . . . . .  1. Characteristic frequency of the ionosphere 13 
2. Output linear-signal spectral density 16 . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . .  3 .  Output linear-signal spectral density, db. 17 
. . . . . . . . .  4 .  Magnitude of  output cross-power spectral density 18 
..... 5. Magnitude of output cross-power spectral density, db 19 
. . . . . . . . . . . . . . . . . .  6 .  Output  intermodulation spectral density 21 
7. Output intermodulation spectral density, db 22 . . . . . . . . . . . . . .  
8. Ratio of  output linear-signal-to-intermodulation 
................................. spectral densities, db 24 
. . . .  9. Output signal-to-distortion ratio in total baseband.. 26 
1 
I. INTRODUCTION 
Communication l i n k s  between t e r r e s t r i a l  s t a t i o n s  and e a r t h  sa te l -  
l i t e s  o r  space  p robes  i n v a r i a b l y  employ o p e r a t i n g  f r e q u e n c i e s  w e l l  above 
t h o s e  f o r  which i o n o s p h e r i c  a b s o r p t i o n  o r  r e f r a c t i o n  a re  s i g n i f i c a n t .  
O the r  e f f e c t s ,  such as Faraday r o t a t i o n  and p a t h  s p l i t t i n g ,  are  e i t h e r  
found t o  be un impor t an t  o r  a r e  accommodated w i t h o u t  d i f f i c u l t y .  However , 
t h i s  i s  n o t  n e c e s s a r i l y  t h e  c a s e  f o r  t h e  d i s p e r s i o n  produced by t h e  non- 
l i n e a r  v a r i a t i o n  of  t h e  v e l o c i t y  of p r o p a g a t i o n  w i t h  f requency .  A wide- 
band s i g n a l  t r a v e r s i n g  a d i s t u r b e d  i o n o s p h e r e  can e x p e r i e n c e  c o n s i d e r a b l e  
d i s t o r t i o n  a t  t h e  lower c a r r i e r  f r e q u e n c i e s .  
Much of  t h e  work t o  da t e  on ionosphe r i c - induced  d i s t o r t i o n  h a s  been  
concerned  w i t h  t h e  t r a n s m i s s i o n  of  i n d i v i d u a l  p u l s e s  o r  o f  p u l s e -  t ype  
modu la t ion  , a l though  some a t t e n t i o n  h a s  a l s o  been  d i r e c t e d  t o  ana log-  
type  modula t ion .  T h i s  work i s  b r i e f l y  reviewed i n  Ref. 1. The ea r l i e s t  
work  which a p p e a r s  t o  r e l a t e  d i r e c t l y  t o  t h e  r e s u l t s  p r e s e n t e d  h e r e  w a s  
done by Rice") i n  1957. H e  approximates  t h e  e x p r e s s i o n  f o r  t h e  o u t p u t  
p h a s e  of  a f i l t e r e d  s i g n a l  f o r  t h e  c a s e  o f  s m a l l  d i s t o r t i o n  and t h e n  
pe r fo rms  a s p e c t r a l  a n a l y s i s  u s ing  second-order  modu la t ion  terms. I n  
p a r t i c u l a r  , he  o b t a i n s  t h e  spectrum o f  t h e  " i n t e r c h a n n e l  i n t e r f e r e n c e "  
(Eq. (5 .5 ) )  when a n  FM s i g n a l  having a f l a t  g a u s s i a n  baseband i s  passed  
th rough  a f i l t e r  w i t h  a uniform a t t e n u a t i o n  and q u a d r a t i c  phase  cha rac -  
t e r i s t i c .  It w i l l  b e  shown l a t e r  i n  t h i s  s tudy  t h a t  t h i s  y i e l d s  a narrow- 
band approx ima t ion  t o  t h e  more precise r e s u l t  p r e s e n t e d  he re .  
D i r e c t  a p p l i c a t i o n s  t o  i o n o s p h e r i c  p r o p a g a t i o n  o f  wide-band FM , 
which i s  o f  i n t e r e s t  i n  b r o a d c a s t i n g  and r e l a y i n g  TV s i g n a l s ,  were p e r -  
formed by S h a f t , ( 3 )  and Prosin' ' )  i n  1963, and by Denton, Scheibe  and 
2 
H ~ n t s b e r g e r ' ~ )  i n  1965 u s i n g  t h e  q u a s i s t a t i o n a r y  approx ima t ion  t o  t h e  
f i l t e r i n g  e f f e c t  o f  t h e  ionosphe re .  I n  each  case,  t h e  d i s t o r t i o n  spec-  
t r u m  ( S h a f t ,  Eq.  ( 21 ) ;  P r o s i n ,  Eq. (39) ;  Denton, e t  a l . ,  Eq. (4.26)) i s  
o b t a i n e d  by expanding  t h e  q u a s i s t a t i o n a r y  approx ima t ion  and r e t a i n i n g  
t h e  lower  o r d e r  d i s t o r t i o n  terms, the reby  y i e l d i n g  r e s u l t s  which a g r e e  
w i t h  R i c e ' s  approx ima t ion  g i v e n  i n  Ref. 2. 
The fo l lowing  a n a l y s i s  i s  based  on  t h e  t e c h n i q u e  d e s c r i b e d  by 
Bedros i an  and Rice(6) where in  an  expans ion  i s  o b t a i n e d  f o r  t h e  p h a s e  of 
a n  angle-modulated s i g n a l  pas sed  through a g e n e r a l  l i n e a r  f i l t e r .  The 
expans ion  i s  t h e n  s p e c i a l i z e d  t o  t h e  c a s e  o f  a symmetrical band-pass  
f i l t e r ,  and t h e  o u t p u t  spec t rum i s  computed n u m e r i c a l l y  f o r  t h e  case 
when an  FM s i g n a l ,  h a v i n g  a f l a t  g a u s s i a n  baseband,  i s  p a s s e d  t h r o u g h  
a s i n g l e - p o l e  f i l t e r .  
I n  t h i s  Memorandum, a s p e c t r a l  a n a l y s i s  i s  per formed when a g e n e r a l  
f i l t e r  i s  used. The i o n o s p h e r e  i s  t h e n  m o d e l e d  as  such  a f i l t e r  and 
numer i ca l  computa t ions  o f  t h e  o u t p u t  spec t rum are a g a i n  per formed f o r  
t h e  c a s e  o f  a n  FM s i g n a l  h a v i n g  a f l a t  g a u s s i a n  baseband.  
are i n t e r p r e t e d  f o r  s p e c i f i c  examples  of t r a n s i o n o s p h e r i c  p r o p a g a t i o n  of  
a wide-band FM s i g n a l  u s i n g  communication and v i d e o  basebands .  The 
s i g n a l - t o - d i s t o r t i o n  r a t i o s  p r e d i c t e d  i n  a TV case of  p o t e n t i a l  i n t e r e s t  
are shown to  b e  poor  enough i n  compar ison  w i t h  t h e  a c c e p t e d  s i g n a l - t o -  
n o i s e  c r i t e r i a  f o r  h i g h - f i d e l i t y  t r a n s m i s s i o n  t o  w a r r a n t  an  e x p e r i m e n t a l  
i n v e s t i g a t i o n  t o  d e t e r m i n e  t h e  n a t u r e  and s u b j e c t i v e  e f f e c t  o f  d i s t o r t i o n .  
The r e s u l t s  
3 
11. OUTPUT PHASE FLJNCTION 
Cons ide r  t h e  angle-modula ted  s i g n a l  
where f i s  t h e  car r ie r  f r equency  and 'p i s  t h e  m o d u l a t i n g  s i g n a l .  
When t h i s  s i g n a l  i s  p a s s e d  through a f i l t e r  h a v i n g  an  impu l se  r e s p o n s e ,  
0 
g ,  and a t r a n s f e r  f u n c t i o n ,  G ,  where 
m m 
a r e  a F o u r i e r  p a i r ,  t hen  t h e  o u t p u t  p h a s e ,  8 , i s  g i v e n  by ( 6) 
m 
8 ( t )  = -P  0 + Re @ ( t )  + 1 $ I m  i n f n  
n= 2 
where  13 i s  t h e  phase  s h i f t  a t  t h e  ca r r i e r  f r equency  
0 
8 0 = -1m l o g  G(f 0 ) 
and t h e  f u n c t i o n  m i s  g i v e n  by 
m 
Q ( t >  = J Y(T)'p(t-T)dT 
0 
where  
The f i r s t  f o u r  c o e f f i c i e n t s  i n  t h e  ser ies  a re  
2 
f = F  - 3 F 2  
f = F - 10 F3 F2 
2 '  4 4  
3' 5 5 
f = F  
f = F  
2 
3 





F n = v(T) [Q( t -T) -%( t ) ]n  dT 
0 
A d d i t i o n a l  c o e f f i c i e n t s  and a d i s c u s s i o n  of t h e  convergence  of t h i s  
ser ies  a r e  p r e s e n t e d  i n  Ref .  6. 
The impulse  r e s p o n s e ,  y ,  g iven  by Eq. (6 )  i s  a s s o c i a t e d  w i t h  a 
f i l t e r  which i s  a no rma l i zed ,  f r e q u e n c y - s h i f t e d  v e r s i o n  o f  t h e  o r i g i n a l  
f i l t e r .  The t r a n s f e r  f u n c t i o n  o f  t h i s  h y p o t h e t i c a l  f i l t e r  i s  
and i t  f o l l o w s ,  from Eqs. ( 2 )  and ( 6 ) ,  t h a t  
If t h e  o r i g i n a l  f i l t e r  i s  p h y s i c a l l y  r e a l i z a b l e ,  t hen  i t s  impulse  
r e s p o n s e ,  g ,  v a n i s h e s  f o r  t < 0 and i s  r e a l ,  w h i l e  i t s  t r a n s f e r  f u n c t i o n ,  
G ,  h a s  an even rea l  p a r t  and an odd imaginary  p a r t  by v i r t u e  of E q .  ( 2 ) .  
From Eq. ( 6 ) ,  i t  i s  s e e n  t h a t  t h e  impu l se  r e s p o n s e ,  Y ,  of  t h e  no rma l i zed  
f r e q u e n c y - s h i f t e d  f i l t e r  a l s o  v a n i s h e s  f o r  t < 0 ,  b u t  y i s  complex i n  
g e n e r a l ,  and i t s  a s s o c i a t e d  t r a n s f e r  f u n c t i o n ,  r, l a c k s  t h e  symmetry 
p r o p e r t i e s  o f  G. 
It i s  c o n v e n i e n t ,  t h e r e f o r e ,  t o  w r i t e  






Then,  s i n c e  y and y are rea l  f u n c t i o n s ,  i t  f o l l o w s  t h a t  they  c a n  b e  
a s s o c i a t e d  w i t h  t h e  t r a n s f e r  f u n c t i o n s  
r i 
m 
which do have  t h e  even  r e a l - p a r t  and odd i m a g i n a r y - p a r t  symmetry o f  G .  
O f  c o u r s e ,  A and A a r e  complex,  i n  g e n e r a l .  I n  terms o f  t h e  real  
and imaginary  p a r t s  o f  l-, 
from which i t  i s  s e e n  t h a t  
These  f u n c t i o n s  comple t e ly  c h a r a c t e r i z e  t h e  no rma l i zed ,  f r e q u e n c y - s h i f t e d  
f i l t e r  t o  be used  i n  t h e  ensu ing  s p e c t r a l  a n a l y s i s .  
The o u t p u t  p h a s e  through terms of  t h i r d  o r d e r  i s ,  f rom Eq. ( 3 ) ,  
(16) 
1 2 1 3 8 ( t )  = -t? + R e  @ ( t )  + 2' I m  i f 2  + 3' I m  i f3 + ... 
0 





= J Yr(7)V(t-T)dT + i J Yi(T)ql(t-T)dT 
0 0 
6 
S u b s t i t u t i n g  i n  E q s .  ( 7 )  and (8) and n o t i n g i E q s .  (12)  t h e n  l e a d s  t o  
which i s  t h e  d e s i r e d  form o f  t h e  o u t p u t  phase .  The l e a d i n g  term 
y i e l d s  t h e  b a s i c  p h a s e  s h i f t  a t  t h e  c a r r i e r  f requency .  Depending on  
t h e  n a t u r e  o f  t h e  i n p u t  p h a s e ,  9, a d d i t i o n a l  p h a s e  s h i f t s  w i l l ,  i n  
g e n e r a l ,  be c o n t r i b u t e d  by t h e  remain ing  terms.  Even i f  cp i s  z e r o  
mean, phase  s h i f t s  can  be g e n e r a t e d  by t e r m s  such as  t h e  t h i r d  one. 
The second term i n  Eq .  (18) i s  a l i n e a r l y  f i l t e r e d  v e r s i o n  o f  
t h e  i n p u t  and r e p r e s e n t s  t h e  p r i n c i p a l  t ime-vary ing  component o f  t h e  
o u t p u t  when t h e  d i s t o r t i o n  i s  small .  S u c c e s s i v e  terms y i e l d  t h e  
v a r i o u s  o r d e r s  o f  d i s t o r t i o n  t o  t h e  o u t p u t .  
7 
111. SPECTRAL ANALYSIS 
The s p e c t r a l  d e n s i t y ,  W e ,  of t h e  o u t p u t  p h a s e ,  8 ,  w i l l  be  d e t e r -  
mined by t h e  c o n v e n t i o n a l  t echn ique  of  t a k i n g  t h e  F o u r i e r  t r ans fo rm of  
t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  0 
We(f) = 3 E e ( t ) e ( t - T )  (19)  
where 5 d e n o t e s  t h e  F o u r i e r  t r ans fo rm o p e r a t o r  and E ,  t h e  e x p e c t a t i o n  
o p e r a t o r ,  d e n o t e s  an  ensemble ave rage  d e f i n i n g  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  
and where R and W are a F o u r i e r  p a i r .  I n  terms o f  p h a s e  ra tes  
(21)  
2 
% ( f )  = (2rrf) We(f); w ( f )  = w * ( f ) / ( m f ) 2  CP cp 
I f  a n g l e s  are measured i n  r a d i a n s  and f requency  i n  h e r t z ,  t h e  u n i t s  o f  
We are  r ad  /Hz, and t h o s e  of W6 are ( r a d / s )  /Hz. 2 2 
When t h e  expans ion  f o r  t h e  o u t p u t  phase  g i v e n  by E q .  (18) i s  sub- 
s t i t u t e d  i n  Eq. ( 1 9 ) ,  t h e  r e s u l t s  c o n t a i n  a v a r i e t y  o f  f u n c t i o n a l  p a i r -  
i n g s .  
g i v e n  by Eq. (18) and d e n o t e  the  i n d i v i d u a l  p a i r i n g s  by terms such as 
L e t  $ ,  @ ,  f 2 ,  f 3 ,  e t c . ,  deno te  t h e  te rms  i n  t h e  o u t p u t  phase  
Then,  as d i s c u s s e d  i n  Ref. 6 ,  t h e  " l i n e a r - s i g n a l "  component o f  t h e  ou t -  
p u t  spec t rum i s  i d e n t i f i e d  as t h e  @ X @  term and denoted  by $. 
and fXf terms c o n t r i b u t e  some o u t p u t  s p e c t r a l  components i n  which t h e  
i n p u t  spec t rum,  W a p p e a r s  as a m u l t i p l i e r ;  t h e s e  are  i d e n t i f i e d  as 
t h e  ' l t ro s s -power t t  component of  t h e  o u t p u t  spectrum and are denoted by 
C 
We. 
The @ X f  
9' 
The " i n t e r m o d u l a t i o n "  component of  t h e  o u t p u t  s p e c t r m  i s  denoted  
8 
I by W and i s  g i v e n  by t h e  b a l a n c e  o f  t h e  f requency-dependent  s p e c t r a l  
terms which r e s u l t  from t h e  f x €  p a i r i n g s .  I n  a d d i t i o n  t o  t h e s e  t h r e e  
e 
t y p e s ,  which are  i d e n t i f i e d  i n  Ref.  6 ,  a ze ro - f r equency  o r  “dc” te rm,  
2 denoted  by 8 , a p p e a r s  i n  t h e  a n a l y s i s  of  t h e  g e n e r a l  c a s e .  
For  the  pu rposes  of  t h e  s p e c t r a l  a n a l y s i s ,  t h e  i n p u t  s i g n a l ,  9, 
i s  t a k e n  a s  a g a u s s i a n  p r o c e s s  hav ing  a spec t r a l  d e n s i t y ,  Wv ( t h e  
d e t a i l s  of t h e  a n a l y s i s  are p r e s e n t e d  i n  t h e  Appendix) .  The l e a d i n g  
te rms  o f  t he  v a r i o u s  components of  t h e  o u t p u t  s p e c t r a l  d e n s i t y  a r e  
g i v e n  by 
m 
m 
The p r i n c i p a l  d c  term r e s u l t s  from t h e  @XI3 o p e r a t i o n  w i t h  a second-  
o r d e r  c o r r e c t i o n  from t h e  Bxf term; t h i r d - o r d e r  c o r r e c t i o n s ,  which 
2 
are n o t  shown, come from t h e  BXf A s  s t a t e d  above ,  
t h e  l i n e a r - s i g n a l  component i s  due  t o  t h e  PXP term. The cross -power  
and f2Xf2  terms. 4 
component i s  d u e  s o l e l y  t o  t h e  Pxf term s i n c e  t h e  f X f  term y i e l d s  
o n l y  an i n t e r m o d u l a t i o n  component i n  t h i s  c a s e .  
3 2 2  
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I V .  APPLICATION TO IONOSPHERE 
I 
A t r a n s f e r  f u n c t i o n  which i s  c h a r a c t e r i s t i c  of t h e  t r a n s i o n o s p h e r i c  
p r o p a g a t i o n  p a t h  i s  r e q u i r e d  t o  u s e  t h e  f o r e g o i n g  a n a l y s i s .  S i n c e ,  f o r  
a l l  p r a c t i c a l  p u r p o s e s ,  t h e  ionosphe re  behaves  as a l i n e a r  m e d i u m  and i s  
t i m e - i n v a r i a n t  on t i m e  s c a l e s  of  i n t e r e s t  f o r  communication p u r p o s e s ,  i t  
f o l l o w s  t h a t  t h e  p r o p a g a t i o n  pa th  under  c o n s i d e r a t i o n  can  be  modeled as  a 
c a s c a d e  o f  t h e  same p a t h  i n  vacuo and a f i l t e r  which r e f l e c t s  o n l y  t h e  
p r o p e r t i e s  of  t h e  ionosphe re .  The  t r a n s f e r  f u n c t i o n  of t h a t  f i l t e r  i s  
t h e n  g iven  by t h e  r a t i o  o f  t h e  s t e a d y - s t a t e  f r equency  r e sponse  o f  t h e  
a c t u a l  t r a n s i o n o s p h e r i c  p a t h  t o  t h a t  o f  t h e  f r e e - s p a c e  p a t h .  
The r e l a t i v e  bandwidth o f  t h e  t r a n s m i t t e d  s i g n a l  w i l l  b e  assumed t o  
be  s u f f i c i e n t l y  small ,  and t h e  c a r r i e r  f r equency  s u f f i c i e n t l y  l a r g e  i n  
comparison w i t h  t h e  p l a s m a  f r equency ,  so t h a t  t h e  e f f e c t  o f  i o n o s p h e r i c  
a b s o r p t i o n  can  b e  n e g l e c t e d .  Since t h e  d i s t a n c e  dependence i s  t h e  same 
f o r  bo th  p a t h s ,  i t  f o l l o w s  t h a t  t h e  t r a n s f e r  f u n c t i o n  depends s o l e l y  on 
t h e  d i f f e r e n c e  between t h e  phase  c h a r a c t e r i s t i c s  of  t h e  two p a t h s ,  and 
i s  g iven  by 
G( f )  = exp[ik J’ ( n - l ) d s l  
where  
k = m f / c  i s  t h e  phase  c o n s t a n t  
c = 3 x 10 m / s  i s  t h e  speed o f  l i g h t  
n = ( l - f p / f  ) i s  t h e  r e f r a c t i v e  i n d e x  of  t h e  ionosphe re  a t  f requen-  
8 
2 2 %  
c i e s  w e l l  above t h e  plasma f r equency ,  f , and t h e  
i n t e g r a t i o n  i s  a long  t h e  p r o p a g a t i o n  p a i h .  
For f r e q u e n c i e s  l a r g e  i n  comparison w i t h  t h e  p l a s m a  f r e q u e n c y ,  t h e  
r e f r a c t i v e  index  can  b e  expanded i n  a b inomia l  series.  Then, expanding 
t h e  l e a d i n g  term, I f f ,  i n  a T a y l o r ’ s  se r ies  abou t  t h e  c a r r i e r  f r equency ,  
fo, y i e l d s  t h e  h igh-  f requency  narrow-band approximat ion  
10 
f - f ( f - f o )  2 
( 2 5 )  
l7 0 
G(f) = exp{i ; [$ - . +  
f 3  
0 
0 f 2  
0 
where  t h e  v a r i o u s  terms r e p r e s e n t ,  r e s p e c t i v e l y ,  t h e  c o n s t a n t ,  l i n e a r  
and q u a d r a t i c  components o f  t h e  f requency-dependent  p h a s e  s h i f t  i n t r o -  
duced by the  ionosphe re .  To s i m p l i f y  t h e  e x p r e s s i o n ,  l e t  
3 
2 0 
c f  
f =  
‘ r J f i  d s ’  
Then, d e n o t i n g  n o r m a l i z a t i o n  t o  f by u n d e r l i n i n g  y i e l d s  
C 
F 
f o r  t h e  c a r r i e r - f r e q u e n c y  p h a s e  s h i f t ,  Po,  d e f i n e d  by Eq. ( 4 ) .  
t r a n s f e r  f u n c t i o n ,  r, of t h e  no rma l i zed ,  f r e q u e n c y - s h i f t e d  e q u i v a l e n t  
The 
f i l t e r  o f  t h e  i o n o s p h e r e  t h e n  becomes, from Eq. ( 9 ) ,  
f f = -  
- f  
2 G(f+f ) 0 
= e x p ( - i f  f+if ) ,  r ( f )  = 
0 
C G ( f o )  - -  
and t h e  a s s o c i a t e d  t r a n s f e r  f u n c t i o n s  d e f i n e d  by Eq. (15) become 
(29) 
2 - i f  f 
s i n  
2 
A ( f )  = e 2- c o s  f , A(f )  = e -- 0 
- i f  f 
When t h e s e  f u n c t i o n s  are  s u b s t i t u t e d  i n t o  t h e  e x p r e s s i o n s  f o r  t h e  
components o f  t h e  o u t p u t  s p e c t r a l  d e n s i t y  g i v e n  by  Eq. ( 2 3 ) ,  t h e  re- 
m 
s u l t  i s  
We(f) L = Ww(f)cos2 f 2  - 
C 2 2 2  2 
Wv(f) e - w ( f )  = - 4 c o s  I dp WV(p)cos(f + 2 2  ) s i n  pf 
m 
11 
It i s  n o t  s u r p r i s i n g  t h a t  t h e  terms i n  f a p p e a r i n g  i n  A and A v a n i s h  - 
I 
I 
i n  t h e  e x p r e s s i o n s  f o r  t h e  o u t p u t  spec t rum,  s i n c e  a 
l i n e a r  i n  f requency  c a n  b e  expec ted  t o  y i e l d  on ly  a 
t o  t h e  p ropaga ted  s i g n a l .  
The p a r a m e t e r ,  f , h a s  t h e  u n i t s  of  f r e q u e n c y ,  
C 
t e r m  which i s  
p u r e  t i m e  d e l a y  
and c a n  b e  s e e n  
from E q .  ( 2 8 )  t o  co r re spond  t o  t h a t  f r equency  d i f f e r e n c e  from t h e  
carr ier  f requency  a t  which t h e  square- law component o f  t h e  n o n l i n e a r  
phase  s h i f t  produced by t h e  ionosphe re  e q u a l s  one r ad ian .  Thus,  i t  
s e r v e s  as a c o n v e n i e n t  measu re  of t h e  d e g r e e  o f  n o n l i n e a r i t y  i n  t h e  
p h a s e  c h a r a c t e r i s t i c  o f  t h e  ionosphe re .  S ince  t h e r e  i s  no need t o  
c o n s i d e r  an  accompanying n o n l i n e a r  ampl i tude  c h a r a c t e r i s t i c ,  f w i l l  
b e  r e f e r r e d  t o  s imply as t h e  " c h a r a c t e r i s t i c  f requency" o f  t h e  iono-  
s p h e r e  a t  t h a t  c a r r i e r  f requency .  
C 
For computa t iona l  pu rposes ,  i t  i s  more c o n v e n i e n t  t o  e x p r e s s  
t h e  c h a r a c t e r i s t i c  f r equency  i n  terms o f  t h e  e l e c t r o n  d e n s i t y  r a t h e r  




e = 1.602 x 10 C i s  the  e l e c t r o n  c h a r g e  
m = 9.109 x 10 kg  i s  the  e l e c t r o n  mass 
€ = 8.854 x F/m i s  the  p e r m i t t i v i t y  of f ree  space  
0 
N = e l e c t r o n  d e n s i t y  i n  e l e c t r o n s / m  e 
S u b s t i t u t i n g  i n  Eq. ( 2 6 )  and d e f i n i n g  
2 
= Ne d s ,  e l e c t r o n s / m  
NT 
12 
as t h e  e l e c t r o n  d e n s i t y  i n t e g r a t e d  a long  t h e  p r o p a g a t i o n  p a t h  then  




f c  = 1.088 x 10 - ( 3 3 )  
where f i s  t h e  car r ie r  f requency  i n  Hz. The c h a r a c t e r i s t i c  f r e -  
quency i s  p l o t t e d  as a f u n c t i o n  o f  c a r r i e r  f requency  f o r  a number o f  
0 
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N, i s  the electron density 








fc i s  the frequency deviat ion 
from fo at  which the square-law- 
component o f  phase shift equals 
1 radian - 
1 I I I 1  I l l ]  
0.1 0.2 0.3 0.5 0.7 1.0 2 3  5 7 10 
Carrier frequency, f,, GHz 
Fig, 1 - Characteristic frequency of the ionosphere 
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V. COMFUTATIONS FOR FM W I T H  A UNIFORM BASEBAND 
One t r a n s m i t t e d  s i g n a l  o f  p r a c t i c a l  i n t e r e s t  i s  t h a t  g e n e r a t e d  
by u s i n g  a g a u s s i a n  baseband s i g n a l ,  w i t h  a s p e c t r a l  d e n s i t y  uni form 
i n  ( - B , B )  and z e r o  e l s e w h e r e ,  t o  f requency  modula te  a c a r r i e r  a t  an  
rms frequency d e v i a t i o n ,  D. Such a baseband s i g n a l  c l o s e l y  approx i -  
mates  a m u l t i c h a n n e l ,  f r e q u e n c y - d i v i s i o n - m u l t i p l e x e d  t e l e p h o n e  
s i g n a l .  It a l s o  approximates  a t e l e v i s i o n  v i d e o  s i g n a l ,  though 
less  w e l l ,  p a r t l y  because  t y p i c a l  v i d e o  s p e c t r a  a re  n o t  un i form 
and p a r t l y  because  t h e  ampl i tude  d i s t r i b u t i o n  of  a v i d e o  s i g n a l  i s  
less n e a r l y  g a u s s i a n  than  t h a t  of  a m u l t i c h a n n e l  t e l e p h o n e  s i g n a l .  
-1. 
The s p e c t r a l  d e n s i t y  of  t h e  i n p u t  p h a s e  r a t e  w i l l  t h e r e f o r e  
be t aken  a s  
and z e r o  e l sewhere .  Then, u s i n g  E q s .  (21)  t o  c o n v e r t  between t h e  
s p e c t r a  o f  phases  and phase  r a t e s  and s u b s t i t u t i n g  Eq.  ( 3 4 )  i n t o  
E q s .  (30)l y i e l d s  t h e  f o l l o w i n g  s p e c t r a l  components of  t h e  o u t p u t  
phase  r a t e  
-8 .  




where i t  i s  unde r s tood  t h a t  t h e  terms v a n i s h  i n  t h o s e  f requency  i n t e r -  
v a l s  i n  which they  are n o t  d e f i n e d  and where u n d e r l i n i n g  i n d i c a t e s  
n o r m a l i z a t i o n  t o  f . 
C 
The s p e c t r a l  d e n s i t y  of t he  l i n e a r - s i g n a l  component o f  t h e  o u t p u t  
p h a s e  ra te  g i v e n  by t h e  f i r s t  of Eqs. (35)  i s  p l o t t e d  as a f u n c t i o n  
o f  t h e  r e l a t ive  baseband f r equency ,  f / B ,  f o r  a number o f  normal ized  
baseband f r e q u e n c i e s ,  B / f c ,  i n  F igs .  2 and 3. 
t h e  p r o g r e s s i v e  drop  i n  t h e  h igh- f requency  c o n t e n t  as t h e  baseband 
i s  widened re la t ive  t o  t h e  c h a r a c t e r i s t i c  f requency .  
-7- 
A f e a t u r e  of n o t e  i s  
The magni tude  of t h e  cross-power s p e c t r a l  d e n s i t y  g iven  by t h e  
second o f  Eqs. (35) i s  p l o t t e d  i n  a s imi la r  f a s h i o n  i n  F igs .  4 and 5. 
U n l i k e  t h e  l i n e a r -  s i g n a l  component which r e s u l t s  from a p u r e  au to -  
c o r r e l a t i o n  and t h e r e f o r e  h a s  a r ea l ,  p o s i t i v e ,  even s p e c t r a l  d e n s i t y ,  
J- 
These and a l l  subsequent  computa t ions  were performed n u m e r i c a l l y  
u s i n g  t h e  RAND JOSS computer.  JOSS i s  t h e  t rademark and s e r v i c e  mark 
o f  The RAND C o r p o r a t i o n  f o r  i t s  o n - l i n e  t ime-shared  computer program 



















B/f,  = O . l  
1 
10.4 
fc = Characteristic frequency of 
FM signal with rms frequency 
ionosphere 
deviation D using a gaussian 
baseband uniform in ( - B ,  B )  
I 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .O  
Relative baseband frequency, f/B 
Fig .2- Output Iinear-signal spectral density 




B / f c = O . l  23 
fc = Characteristic frequency of 
FM signal wi th rrns frequency 






deviation D using a gaussian 
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Relative baseband frequency, f/B 




fc = Characteristic frequency of 
FM signal wi th rms frequency 
32 ionosphere 
deviation D using a gaussian 
baseband uniform i n  ( - E ,  B )  
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Relative baseband frequency , f/B 
Fig .4- Magnitude of output cross-power spectral density 














for B/f, small 
fc = Characteristic frequency of  
ionosphere 
FM signal wi th  rms frequency 
deviation D using a gaussian 
baseband uniform i n  ( - 6 ,  6 )  
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Fig.5-Magnitude of output cross-power spectral density, db, 
(No te  that W!: i s  negative i n  this example.) 8 
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t h e  cross-power stems from a c r o s s - c o r r e l a t i o n  and need n o t  b e  so 
c o n s t r a i n e d .  I n  t h i s  case, t h e  spec t rum i s  rea l  and even  b u t  neg- 
a t i v e ,  a t  least  f o r  t h e  r a n g e  c o n s i d e r e d  f o r  t h e  p a r a m e t e r s .  O the r  
t h a n  t h a t ,  t h e  p r i n c i p a l  d i s t i n g u i s h i n g  f e a t u r e  o f  t h e  c ross -power  
s p e c t r a l  d e n s i t y  i s  t h a t  i t  g e n e r a l l y  i n c r e a s e s  s t e a d i l y  a c r o s s  t h e  
baseband.  
The i n t e r m o d u l a t i o n  s p e c t r a l  d e n s i t y  g i v e n  by t h e  t h i r d  of  Eqs .  
( 3 5 )  i s  p l o t t e d  i n  F igs .  6 and 7. S i n c e  t h e  i n t e r m o d u l a t i o n  i s  d e r i v e d  
from a n  a u t o c o r r e l a t i o n  f u n c t i o n ,  i t  t o o  i s  a r ea l ,  p o s i t i v e  even func-  
t i o n .  A s  i s  c h a r a c t e r i s t i c  o f  a second-o rde r  s p e c t r a l  d e n s i t y ,  i t  
e x t e n d s  t o  t w i c e  t h e  h i g h e s t  baseband f r e q u e n c y ,  f a l l i n g  smoothly t o  
ze ro .  L ike  t h e  c ros s -power ,  t h e  i n t e r m o d u l a t i o n  i n c r e a s e s  a c r o s s  t h e  
baseband.  S i n c e  t h e  l i n e a r - s i g n a l  i s  rough ly  c o n s t a n t ,  i t  f o l l o w s  
t h a t  t h e  c r o s s - c o r r e l a t i o n  be tween t h e  i n t e r m o d u l a t i o n  and t h e  l i n e a r -  
s i g n a l ,  as  i n d i c a t e d  by t h e  c ros s -power ,  i s  a p p r o x i m a t e l y  c o n s t a n t  
a c r o s s  t h e  baseband.  
Narrow-band a p p r o x i m a t i o n s  t o  t h e s e  s p e c t r a  are r e a d i l y  o b t a i n e d  
by expanding t h e  c i r c u l a r  f u n c t i o n s  i n  Eqs.  ( 3 5 )  and r e t a i n i n g  o n l y  
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These s p e c t r a  a r e  p l o t t e d  as dashed l i n e s  i n  F igs .  4 t o  7 f o r  t h e  lower 
v a l u e s  o f  B/f The r e s u l t s  by Rice,  S h a f t ,  P r o s i n ,  and Denton, e t  C 
a l . ,  ment ioned i n  t h e  I n t r o d u c t i o n ,  a g r e e  w i t h  t h e  t h i r d  o f  E q s .  (36)  
above. A s  s e e n  i n  F igs .  4 t o  7 ,  t h e  approx ima t ion  i s  q u i t e  good f o r  
v a l u e s  o f  B/f up t o  a b o u t  0 .5 .  
C 
The r a t i o  o f  t h e  l i n e a r - s i g n a l  t o  t h e  i n t e r m o d u l a t i o n  s p e c t r a l  
d e n s i t i e s ,  i . e . ,  t h e  r a t i o  of  t h e  f i r s t  and t h i r d  of  Eqs. ( 3 5 ) ,  i s  
p l o t t e d  i n  Fig.  8. A s  e x p l a i n e d  i n  Ref. 6,  t h i s  r a t i o  approx ima tes  t h e  
s i g n a l - t o - c r o s s - t a l k  r a t i o  i n  a g i v e n  c h a n n e l  of a m u l t i c h a n n e l ,  f requency-  
d i v i s i o n - m u l t i p l e x e d  m o d u l a t i n g  s i g n a l  as a f u n c t i o n  o f  i t s  p o s i t i o n  w i t h -  
i n  t h e  baseband.  The approx ima t ion  improves a s  t h e  number o f  c h a n n e l s  
i s  i n c r e a s e d .  The p o o r e s t  channe l  ( i . e . ,  t h e  one w i t h  t h e  lowes t  s i g n a l -  
t o - c r o s s - t a l k  r a t i o )  l i e s  a t  t h e  upper  end o f  t h e  baseband,  a f a c t  which 
compounds i t s  d i f f i c u l t i e s  s i n c e  i t  i s  a l s o  t h e  c h a n n e l  w i t h  t h e  l o w e s t  
s i g n a l - t o - n o i s e  r a t i o  due t o  thermal  n o i s e  i n  t h e  r - f  channe l .  
Also shown i n  F ig .  8 ,  a s  a dashed l i n e ,  i s  t h e  approx ima t ion  a v a i l -  
able by forming t h e  r a t i o  of t h e  f i r s t  and t h i r d  of  Eqs. ( 3 6 ) ,  i . e .  , 
To t h i s  approx ima t ion ,  t h e  s i g n a l -  t o - c r o s s -  t a l k  r a t i o ,  SCR, i n  t h e  
p o o r e s t  c h a n n e l  i s  g i v e n  by 
which  i s  o b t a i n e d  by e v a l u a t i n g  Eq .  (37) a t  I f \  = B. 
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deviation D using a gaussian I 'I baseband uniform i n  ( -B ,  B )  --- Approximation . .  
I I I I I I for B/f, small 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 .  
0 
0 
Relative baseband frequency, f/B 
Fig .8-Ratio of output linear-signal-to-intermodulation spectral densities, 
channel as a function of its location w i th in  the baseband 
db. This rat io approximates the signal-to-cross-talk rat io i n  a narrow 
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The s i g n a l - t o - d i s t o r t i o n  r a t i o ,  SDR, i s  t h e  r a t i o  o f  t h e  t o t a l  
l i n e a r - s i g n a l  t o  t o t a l  i n t e r m o d u l a t i o n  o b t a i n e d  by i n t e g r a t i n g  t h e  
f i r s t  and t h i r d  of Eqs. (35) a c r o s s  t h e  baseband and forming t h e i r  
r a t i o ,  which i s  p l o t t e d  i n  F ig .  9 .  Again,  a n  approx ima t ion  c a n  b e  
o b t a i n e d  from Eqs. (36) y i e l d i n g  
1 2  
5 - -  D2B2 
SDR (39) 
which i s  p l o t t e d  as a dashed l i n e  i n  F ig .  9 .  Both t h e  s i g n a l - t o -  
c r o s s -  t a l k  and t h e  s i g n a l - t o - d i s t o r t i o n  r a t i o s  a re  seen  t o  be  v e r y  
w e l l  approximated by E q s .  (37)  and (39) f o r  t h e  r ange  of t h e  baseband-  
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Fig .9- Output signal-to-distortion rat io i n  total baseband, db 
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V I .  EXAMPLES AND DISCUSSION 
The f o r e g o i n g  r e s u l t s  can  be a p p l i e d  t o  t h e  problem of l i n k i n g  a 
t e r r e s t r i a l  s t a t i o n  t o  a n  e a r t h  s a t e l l i t e  a t  synchronous  a l t i t u d e .  The 
p r o p a g a t i o n  p a t h  t r a v e r s e s  v i r t u a l l y  t h e  e n t i r e  i o n o s p h e r e  i n  a direc-  
t i o n  which depends on t h e  r e l a t i v e  l o c a t i o n  of  t h e  s t a t i o n  and t h e  sat-  
e l l i t e  and can  r ange  from t h e  z e n i t h  t o  t h e  nea r -ho r i zon .  The i n t e g r a t e d  
e l e c t r o n  d e n s i t y ,  NT, i n  Eq. (32) f o r  a p a t h  t o  t h e  z e n i t h  a t  m i d l a t i -  
1 7  2 t u d e s  through a n  ave rage  ionosphe re  amounts t o  abou t  10 e l e c t r o n s / m  , 
b u t  can  vary  by a f a c t o r  of  10 e i t h e r  way depending  on t h e  t i m e  o f  day ,  
t h e  s e a s o n ,  t h e  p o s i t i o n  i n  t h e  s o l a r  c y c l e ,  and t h e  g e o g r a p h i c a l  lo -  
S i m i l a r l y ,  a p a t h  n e a r  t h e  h o r i z o n  c a n  y i e l d  a v a l u e  f o r  
2 NT of  from 1 0 l 8  t o  1019 e l e c t r o n s / m  under  a d v e r s e  c o n d i t i o n s .  
A s  a n  example of  a p a r t i c u l a r  a p p l i c a t i o n ,  c o n s i d e r  a h e a v i l y  
t r a f f i c k e d  p o i n t -  t o - p o i n t  communication l i n k  v i a  a synchronous e a r t h  
s a t e l l i t e .  Assume t h e  down-link c o n s i s t s  of  a wide-band, FM t r ansmis -  
s i o n  a t  a ca r r i e r  f r e q u e n c y ,  f o f  4 GHz hav ing  an ms frequency  d e -  
v i a t i o n ,  D ,  o f  20 MHz and u s i n g  a CCIF s t a n d a r d i z e d ,  960-channel  base-  
0’ 
band which e x t e n d s  t o  a m a x i m u m  baseband f r equency ,  B ,  of 4.028 MHz. 
A w o r s t - c a s e  i o n o s p h e r i c  p a t h  hav ing  an i n t e g r a t e d  e l e c t r o n  d e n s i t y  of  
f c ,  o f  8 7  MHz t h e n  y i e l d s  a c h a r a c t e r i s t i c  f r e q u e n c y ,  2 1019 e l e c t r o n s / m  
from Fig .  1 o r  Eq. (33 ) .  The normal ized  maximum baseband f r e q u e n c y ,  B, 
becomes 0 .0463,  and t h e  normal ized  ms f requency  d e v i a t i o n ,  2, becomes 
0 .230 ,  SO from Eq. ( 3 8 ) ,  t h e  s i g n a l - t o - c r o s s - t a l k  r a t i o ,  SCR , i n  t h e  
w o r s t  channe l  becomes 8830 (39.5 db ) .  
m i  n 
T h i s  example i n d i c a t e s  t h a t  i o n o s p h e r i c  d i s p e r s i o n  w i l l  n o t  c a u s e  
s i g n i f i c a n t  i n t e r m o d u l a t i o n  d i s t o r t i o n  i n  a t y p i c a l  wide-band, FM, 
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c o m m u n i c a t i o n - s a t e l l i t e  l i n k  e x c e p t  under  o n l y  t h e  most  s e v e r e ,  and ,  
t h e r e f o r e ,  g e n e r a l l y  i n f r e q u e n t ,  c o n d i t i o n s .  The d i r e c t  dependence 
of  SCRmin on  t h e  v a r i o u s  communication p a r a m e t e r s  i s  shown by com- 
b i n i n g  E q s .  (33)  and (38)  , 
1 2  LO 
2 2 2  
D B NT 
= 1.401 x 10 SCRmin 
The s ix th-power  dependence on  ca r r i e r  f r equency  c l e a r l y  dominates .  
For example,  f need on ly  be ha lved  ( -18  db) t o  v i r t u a l l y  overcome 
t h e  e f f e c t  of a t e n f o l d  d e c r e a s e  i n  N (-20 d b ) .  For  a g i v e n  baseband 
s i g n a l  and r - f  bandwidth ,  o p e r a t i o n  o v e r  a g i v e n  p a t h  shou ld  b e  a t  as  
0 
T 
h i g h  a c a r r i e r  f requency  as p o s s i b l e .  
Another example i s  t h e  u s e  of  a s a t e l l i t e  t o  r e l a y  TV programs ( i n  
c o l o r  o r  monochrome) e i t h e r  d i r e c t l y  t o  a v i ewer  o r  t o  an  i n t e r m e d i a t e  
s t a t i o n  f o r  c o n v e n t i o n a l  r e b r o a d c a s t .  Again,  assume wide-band FM, b u t  
of 1 GHz and an  nns f r equency  d e v i a t i o n ,  
f O ’  
now w i t h  a c a r r i e r  f r e q u e n c y ,  
D ,  of  8 MHz ( co r re spond ing  t o  an  r - f  c h a n n e l  a b o u t  50 MHz i n  w i d t h ) .  The 
h i g h e s t  baseband f r equency ,  B ,  f o r  t h e  5 2 5 - l i n e  v i d e o  used i n  t h e  Un i t ed  
18 be  4 x 10 
NT , S t a t e s  i s  4 .5  MHz. L e t  t h e  i n t e g r a t e d  e l e c t r o n  d e n s i t y ,  
e l e c t r o n s l m  on t h e  b a s i s  t h a t  t r a n s m i s s i o n s  i n  such a b r o a d c a s t  o r  re- 2 
l a y  mode w i l l  b e  c o n f i n e d  t o  w e l l - d e f i n e d  g e o g r a p h i c a l  l o c a t i o n s  and 
t h e r e f o r e  b e  w e l l  above t h e  h o r i z o n .  I n  t h i s  case, t h e  c h a r a c t e r i s t i c  
17 .2  MHz and t h e  no rma l i zed  parameters, 2 and E ,  are ,  
f C ’  
f requency  , 
r e s p e c t i v e l y ,  0 .262  and 0.465.  Then, from Eq. ( 3 9 ) ,  t h e  o u t p u t  s i g n a l -  
t o - d i s t o r t i o n  r a t i o ,  SDR, becomes 162 ( 2 2 . 1  d b ) .  A l t e r n a t i v e l y ,  from 
F i g .  9 ,  SDR = 15.5  + 2 x 3.32 = 22.1 d b ,  s i n c e  - D = 0.465 (-3.32 d b ) .  
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U n f o r t u n a t e l y ,  i t  i s  d i f f i c u l t  t o  e q u a t e  t h e  s u b j e c t i v e  e f f e c t  o f  
t h i s  s i g n a l -  t o - d i s t o r t i o n  r a t i o  i n  t h e  o u t p u t  o f  an  i o n o s p h e r i c a l l y  
d i s p e r s e d  FM t r a n s m i s s i o n  w i t h  t h a t  o f  a s i m i l a r  s i g n a l - t o - n o i s e  r a t i o  
i n  t h e  o u t p u t  of  a c o n v e n t i o n a l  v e s t i g i a l - s i d e b a n d  AM t r a n s m i s s i o n  c o r -  
r u p t e d  by the rma l  n o i s e .  For one t h i n g ,  t h e  s p e c t r a l  d e n s i t y  of t he rma l  
n o i s e  i n  t h e  v i d e o  i s  uniform f o r  t h e  AM t r a n s m i s s i o n ,  whereas  t h a t  o f  
t h e  i n t e r m o d u l a t i o n  i n  t h e  FM t r a n s m i s s i o n  goes  roughly  as t h e  s q u a r e  
of  t h e  baseband f requency .  Thus, one m i g h t  e x p e c t  a g r e a t e r  e f f e c t  on  
t h e  h igh- f requency  v ideo  c o n t e n t  t h a n  on t h e  low f r equency  v i d e o  c o n t e n t .  
Also ,  t he rma l  n o i s e  i s  g e n e r a l l y  u n c o r r e l a t e d  w i t h  t h e  s i g n a l  whereas  
t h e  i n t e r m o d u l a t i o n  can  d i s p l a y  a s t r o n g  c o r r e l a t i o n  as ev idenced  by t h e  
magn i tude  of  t h e  c ross -power  s p e c t r a l  d e n s i t y .  T h e r e f o r e ,  t h e  intermodu- 
l a t i o n  c a n  b e  expec ted  t o  d i f f e r  i n  appea rance  and s u b j e c t i v e  e f f e c t  
from t h e  cus tomary  "snow." 
Othe r  a s p e c t s ,  un ique  t o  a v i d e o  s i g n a l ,  mus t  a l s o  b e  c o n s i d e r e d .  
One i s  t h e  p o s s i b i l i t y  t h a t  t h e  i n t e r m o d u l a t i o n  may a f f e c t  t h e  sound sub- 
c a r r i e r ,  which i s  l o c a t e d  above t h e  v i d e o  a t  4.5 MHz. Although t h e  i n t e r -  
modu la t ion  spec t rum i s  a t  i t s  s t r o n g e s t  t h e r e ,  t h e  sound s u b c a r r i e r  i s  
r e l a t i v e l y  s t r o n g  ( a  minimum of 50 p e r c e n t  o f  t h e  peak p i c t u r e  power) 
and u s e s  FM w i t h  a peak f requency  d e v i a t i o n  of  on ly  25 kHz. These  f a c t o r s ,  
p l u s  t h e  known s u p e r i o r  coverage  o f  t h e  sound p o r t i o n  of c o n v e n t i o n a l  TV 
b r o a d c a s t  compared w i t h  t h e  p i c t u r e ,  s u g g e s t  t h a t  t h i s  s o u r c e  o f  i n t e r -  
f e r e n c e  w i l l  p robab ly  n o t  b e  s i g n i f i c a n t .  
The s i t u a t i o n  i s  less  p romis ing  w i t h  r e s p e c t  t o  c o l o r  TV. The 
c o l o r  s u b c a r r i e r  i s  a t  3.58 MHz w i t h  i t s  a t t e n d a n t  s i d e b a n d s  e x t e n d i n g  
from roughly  2.5 t o  4.5 MHz, a g a i n  i n  t h e  v i c i n i t y  o f  t h e  peak o f  t h e  
i n t e r m o d u l a t i o n  s p e c t r a l  d e n s i t y .  A s  a r e s u l t ,  two e f f e c t s  c a n  be  
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a n t i c i p a t e d .  F i r s t ,  t h e  r a t i o  o f  t h e  l i n e a r - s i g n a l - t o - i n t e r m o d u l a t i o n  
s p e c t r a l  d e n s i t y  a t  which t h e  c o l o r  i n f o r m a t i o n  must  b e  demodulated 
( co r re spond ing  t o  t h e  s i g n a l -  t o -c ross -  t a l k  r a t i o  i n  t h e  p r e v i o u s  
example) w i l l  b e  u n f a v o r a b l e ,  amounting t o  about  18 o r  19 db f o r  t h i s  
c a s e .  A s  a r e s u l t ,  t h e  c o l o r  q u a l i t y  w i l l  b e  degraded  much as i t  
would be by thermal  n o i s e  of comparable  magnitude.  
Second, t h e  i n t e r m o d u l a t i o n  can  be  expec ted  t o  i n t e r f e r e  w i t h  
t h e  s y n c h r o n i z a t i o n  of t h e  c o l o r  s u b c a r r i e r  g e n e r a t e d  i n  t h e  receiver. 
The c o l o r  s u b c a r r i e r  i s  suppres sed  a t  t h e  t r a n s m i t t e r  and on ly  s h o r t  
b u r s t s  (8  c y c l e s  of 3.58 MHz) are s e n t  a t  t h e  b e g i n n i n g  o f  each  h o r i -  
z o n t a l  l i n e  ( i . e . ,  a t  a 15,750 Hz r a t e ) .  Because q u a d r a t u r e  modula- 
t i o n  i s  employed, t h e  r e f e r e n c e  o s c i l l a t o r  must  be  synchron ized  
a c c u r a t e l y  i n  phase  a s  w e l l  as f requency .  Thus,  i n t e r m o d u l a t i o n  can  
degrade  c o l o r  s e p a r a t i o n  by c a u s i n g  s y n c h r o n i z i n g  phase  e r r o r s .  
I t  i s  l i k e l y  t h a t  t h e  s u b j e c t i v e  e f f e c t  o f  i o n o s p h e r i c  d i s p e r s i o n  
on a m u l t i c h a n n e l  t e l e p h o n e  t r u n k ,  a s  d i s c u s s e d  above ,  can  b e  e s t i m a t e d  
wi th  a f a i r  deg ree  of  accu racy  u s i n g  t h e  numer i ca l  v a l u e s  computed by 
t h e  theory  p r e s e n t e d  h e r e .  However, such i s  p r o b a b l y  n o t  t h e  c a s e  w i t h  
r e s p e c t  t o  TV, p a r t i c u l a r l y  w i t h  c o l o r  TV. The computa t ions  y i e l d  
numbers,  which, i f  i n t e r p r e t e d  as c o r r e s p o n d i n g  t o  i n t e r f e r e n c e  produced 
by thermal  n o i s e ,  would be  c a u s e  f o r  concern .  Whether t h e  i n t e r f e r e n c e  
caused by i o n o s p h e r i c  d i s p e r s i o n  w i l l  b e  more o r  l ess  o b j e c t i o n a b l e  i n  
comparison i s  p r e s e n t l y  a mat te r  of s p e c u l a t i o n  and w i l l  p robab ly  remain 
so u n t i l  expe r imen ta l  t e s t s  a r e  conducted .  
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Ap p end i x 
SPECTRAL ANALYSIS 
L e t  t h e  o u t p u t  p h a s e  f u n c t i o n  g i v e n  by E q .  (18) b e  w r i t t e n  
0 ( t )  = B + + f 2  i- f + ... (A- 1)  3 
a s  sugges t ed  i n  S e c t i o n  111. 
pand ing  t h e  r e s u l t  y i e l d s  t h e  v a r i e t y  of p a i r i n g s  of t h e  mXf form de-  
f i n e d  by E q .  ( 22 ) .  These  w i l l  be  examined i n  t u r n  t o  o b t a i n  t h e  v a r i o u s  
S u b s t i t u t i n g  i n t o  E q .  (19)  f o r  W8 and ex-  
components o f  t h e  o u t p u t  p h a s e  spectral  d e n s i t y ,  . 
T h i s  f i r s t  p a i r i n g  immedia te ly  y i e l d s  
where  t h e  e x p e c t e d  v a l u e  i s  a c o n s t a n t  and the F o u r i e r  t r a n s f o r m  o f  a 
c o n s t a n t  i s  a d e l t a  f u n c t i o n  a t  z e r o  f r e q u e n c y ,  i . e . ,  a d c  term. The 
c o e f f i c i e n t  i s  g i v e n  as  t h e  l e a d i n g  d c  term i n  t h e  f i r s t  o f  E q s .  (23) .  
T h i s  p a i r i n g  c a n  a l s o  b e  w r i t t e n  d i r e c t l y  by n o t i n g  from Eq. (17 )  
t h a t  @ i s  t h e  r e s p o n s e  when 'p i s  a p p l i e d  t o  a f i l t e r  h a v i n g  an  i m p u l s e  
r e s p o n s e ,  
(13), t o  b e  A so 
r 
The a s s o c i a t e d  s t e a d y - s t a t e  t r a n s f e r  i s  s e e n ,  from E q s .  Y r .  
CPxCP = ( A ( f )  I2w ( f )  
cp (A- 3) 
By d e f i n i t i o n ,  t h i s  i s  t h e  l i n e a r - s i g n a l  component o f  W and i s  t h e  
second o f  E q s .  (23). 
9 
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There are  two terms o f  t h i s  t ype  i n  Eq. ( 1 9 ) ,  b u t  t h e y  a r e  equ iva -  
l e n t  s i n c e  P i s  n o t  a f u n c t i o n  o f  t i m e .  Thus,  from Eq. ( 1 8 ) ,  
The expec ted  v a l u e  i n  Eq. ( A - 4 )  h a s  been  computed p r e v i o u s l y  and i s  
g i v e n  by Eq. (C-12) of  Ref. 10 ;  v i z . ,  
Pe r fo rming  t h e  i n t e g r a t i o n  on p t h e n  y i e l d s  
m 
#- 
where t h e  f i r s t  and t h i r d  terms i n  Eq. (A-5) have  d i s a p p e a r e d  by v i r t u e  
o f  t h e  second of  Eqs. ( 1 2 ) .  The f u n c t i o n s  A and A are i d e n t i f i e d  from 
Eqs. ( 1 3 ) .  
A s  w i t h  E q .  (A-2) ,  t h e  F o u r i e r  t r a n s f o r m  y i e l d s  a d e l t a  f u n c t i o n  
a t  z e r o  f requency .  A l so ,  t h e  f a c t  t h a t  w i s  a n  even f u n c t i o n  c a n  b e  
used t o  w r i t e  
cp 
m 




= - 13 0 6 ( f )  dp WV(p) [ A ( p ) A ( - p ) + A ’ k ( ~ ) A ’ k ( - P ) l  
-m 
” 




where t h e  symmetry p r o p e r t i e s  of  A and A g i v e n  by Eqs. (15) have  been 
employed. The c o e f f i c i e n t  of 6 above i s  g i v e n  as t h e  second-order  dc l  
term i n  t h e  f i r s t  o f  Eqs. (23). 
The computa t ion  of  t h e  h i g h e r  o r d e r  terms r e q u i r e s  e v a l u a t i n g  
t h e  e x p e c t e d  v a l u e  o f  f o u r t h - o r d e r  p r o d u c t s  o f  t h e  g a u s s i a n  var ia tes .  
Two o f  t h e  methods a v a i l a b l e  have been  used i n  p r e v i o u s  r e p o r t s .  I n  
one of  t h e s e ,  t h e  d e s i r e d  expec ted  v a l u e  i s  i d e n t i f i e d  as t h e  coef -  
f i c i e n t  o f  t h e  a p p r o p r i a t e  t e r m  i n  t h e  e x p a n s i o n  of  t h e  e x p e c t e d  v a l u e  
o f  a s p e c i a l l y  c o n s t r u c t e d  e x p o n e n t i a l  f u n c t i o n ,  d e t a i l s  are  g i v e n  i n  
Appendix B of  Ref.  6. The o t h e r  method u s e s  t h e  r e l a t i o n  
E ( x ~ x ~ . . . x ~ ~ )  = 1 E ( x , x ; ) E ( x  x ) ... E(x x ) i k R 2n 
a l l  p a i r s  
a s  d e s c r i b e d  i n  Appendix C of  Ref. 10,  which i s  used h e r e .  
There  are two terms o f  t h i s  t y p e  i n  Eq. ( 1 9 ) ,  i . e . ,  
GXf 3 = 3 E [ @ ( t ) f 3 ( t + T )  t- @ ( t + T ) f 3 ( t ) ]  
( A - 8 )  
= 3 E 'z@( t -T) f , ( t )  + @ ( t + T ) f 3 ( t ) j  (A- 9) 
S i n c e  t h e  terms i n  Eq. ( A - 9 )  d i f f e r  o n l y  i n  t h e  s i g n  o f  T, t h e y  w i l l  
s i m p l y  b e  w r i t t e n  s i n g l y  w i t h  a t n o t a t i o n ,  t h e  sum b e i n g  unders tood .  




1 - - 2 r  0 ( t : tT)Gi( t )  1 v i ( x ) [ q ( t - x )  - a r ( t ) I 2 d x }  (A- 10) 
0 
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The t e r m  i n  t h e  upper  l i n e  of  Eq. (A-10) i s  i d e n t i c a l  i n  form t o  Eq. 
( C - 4 )  o f  Ref. 10. I t s  v a l u e  i s  g iven  by Eq.  (C-18) o f  Ref.  10 as 
The o t h e r  term i n  E q .  (A-10) remains  t o  be  computed. Us ing  E q .  
(17) t o  expand t h e  i n i t i a l  % ' s  y i e l d s  
L n  OD 03 
n n 
According t o  Eq. (A-8) ,  t h e  expec ted  v a l u e s  i n  t h i s  e x p r e s s i o n  c a n  b e  
expanded i n  t h e  form 
(A-13) 
2 2 E(abc ) = E(ab)E(c  ) + 2E(ac)E(bc)  
The v a r i o u s  expec ted  v a l u e s  are  
E(ab)  = E ( p ( t i T - u ) v ( t - v )  
= R (~T-u-I-v) 
'F 
where t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i n  Eq. (20)  h a s  been  used ,  
(A- 14)  
(A-15) 
which f o l l o w s  from E q .  (A-5) ,  
35 
= R (&T-#w) - d x  Y,(X>R (*T-#X) 
CP cp 
0 
m m 03 
imp (v-x) = J dP Wcp(Pb  imp (v'w) - j dx y,  (x) j dp Wcp ( p )  e 
= dP W,(P)e 
-03 0 -0) 
03 i m p v  
-03 
The F o u r i e r  t r a n s f o r m s  of  E q s .  (A-14) and (A-16) a r e  
m 
-i2rrfT 3 E(ab) = dT e 
m 03 
1 - i m f ' T  5 E(ac)  = dT e [R (*~-u+w) - 1 dx y r ( x ) R + , ( ~ - w t x )  CP 
0 -0 
F i m f  (u-W) w p  - e si * 
(Ff ) WT ( f )  = e  





Combining Eqs. (A-15), (A-17)-(A-19) i n  Eq. (A-13) y i e l d s  
36 
2 2 5 E(abc ) = E ( c  ) S  E(ab)  + 2E(bc )3  E(ac) 
m 
' f i 2 r r f u ~  (f){eiimfv s dp w,(p)[ ( A ( p )  12-2A(p)ei2nPw+1] = e  
-m cp 
- i 2 n  p w- 
( p ) I} ( A- 20) 
+ 2[e*i2nfw 
When s u b s t i t u t e d  i n t o  e x p r e s s i o n  (A-12), t h e  i n t e g r a t i o n  on  u f o l l o w s  
immedia t e ly ,  r e s u l t i n g  i n  
I n t e g r a t i n g  on v f u r t h e r  y i e l d s  
m 




The t e rms  n o t  i n v o l v i n g  t h e  e x p o n e n t i a l s  v a n i s h  when i n t e g r a t e d  on  W ,  
by v i r t u e  of  t h e  second o f  E q s .  ( 1 2 ) ,  y i e l d i n g  
I 
8 .  
37 
+ 2A(-P) [ A ( W + p ) - A ( r f ) A ( p ) - A ( p ) A ( + f ) ] }  
whe.re t h e  symmetry p r o p e r t i e s  of  A and A g i v e n  by E q s .  (15) have been 
used  i n  t h e  l a s t  s t e p .  Dropping t h e  f n o t a t i o n  and w r i t i n g  e x p r e s s i o n  
(A-23) a s  a sum y i e l d s  
'c 
n 
Changing t h e  s i g n  o f  t h e  v a r i a b l e ,  p, i n  t h e  second and t h i r d  terms 




where  t h e  symmetry p r o p e r t i e s  o f  A and A have  
The t o t a l  @ x f 3  i s  t h e  sum o f  e x p r e s s i o n s  
dp W,(P) {Re A(f)[A(p)A(-p-f) 
03 
@ x f 3  = 2w ( f )  
-03 
cp 
a g a i n  been  used .  
(A-11)  and (A-25), 
t h i r d  o f  Eqs. (23) 
f 2 x f 2  
From Eq. (18), t h i s  term is 
m 03 
0 0 
Expanding t h e  e x p e c t e d  v a l u e  a c c o r d i n g  t o  Eq. (A-8)  y i e l d s  
2 2  2 2 2 
E ( a  b ) = E ( a  )E(b  ) + 2E (ab) 
The expec ted  v a l u e s  
E ( a  2 ) = EccP(t-u) - @,(t)] 2 
E(b 2 ) = E[q( t+T-v)  - Q r ( t + T ) 1  2 




are  e q u i v a l e n t  and are b o t h  g i v e n  by Eq. (A-15) .  S i n c e  t h e  v a r i a b l e  
T d i s a p p e a r s  on a p p l y i n g  t h e  e x p e c t a t i o n  o p e r a t o r ,  t a k i n g  t h e  F o u r i e r  
t r a n s f o r m  r e s u l t s  i n  a ze ro - f r equency  d e l t a  f u n c t i o n .  Thus ,  t h e  con- 
(A- 30) 
39 
Again by v i r t u e  of  t h e  second of E q s .  ( 1 2 ) ,  o n l y  t h e  te rms  i n v o l v i n g  
t h e  a p p r o p r i a t e  e x p o n e n t i a l s  remain when t h e  i n t e g r a t i o n s  on u and v 
are  performed.  The r e s u l t  i s  
m m 
where  t h e  symmetry p r o p e r t i e s  of  A and A are a g a i n  used .  T h i s  term 
i s  n o t  l i s t e d  i n  E q s .  ( 2 3 ) ,  s i n c e  i t  i s  c l e a r l y  a t h i r d - o r d e r  dc  term 
( a n o t h e r  c o n t r i b u t i o n  o f  t h e  same o r d e r  can  b e  expec ted  from t h e  
ir3 xf  te rm) .  
The expec ted  v a l u e  i n  t h e  second term o f  Eq. (A-28) i s  similar 
i n  form t o  Eq. (C-26) of  Ref. 10,  
m 
(A- 32) 
S u b s t i t u t i n g  f i r s t  i n t o  Eq.  (A-28) and then  i n t o  Eq.  (A-27) y i e l d s  
03 
2 1 du 1 dv Yi(U>Vi(V> 







The i n t e g r a l  on u i n  t h e  second l i n e  i s  e v a l u a t e d  by expanding  t h e  
i n t e g r a n d  and i n t e g r a t i n g  term by term 
rn 
0 
= - A (-o)A(-p)-A(-p)A(-~)+A(-p-o) (A- 3 4 )  
Analogous ly ,  t h e  i n t e g r a l  on v i n  t h e  t h i r d  l i n e  i s  
The p r o d u c t  of t h e s e  e x p r e s s i o n s ,  which are complex c o n j u g a t e s ,  i s  
s imply  t h e  s q u a r e  of t h e i r  magni tude .  S u b s t i t u t i n g  i n  (A-33),  




which i s  the  l e a d i n g  i n t e r m o d u l a t i o n  component and i s  l i s t e d  as t h e  
l a s t  o f  E q s .  ( 2 3 ) .  
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